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Introduction

T HE existence of a sharp, intermittent interface between turbu-
lent and nonturbulent � ow regions in shear � ows was discov-

ered several decades ago. The � rst effort at including this behavior
in a turbulencemodel was made by Libby1 in 1975, and further de-
velopmentwas contributedby Byggstoyland Kollmann2 in 1981. In
1992 Cho and Chung3 proposed a new type of intermittencymodel
called the k-"-° model. This k-"-° model, in contrast to Byggstoyl
and Kollmann’s intermittencymodel that employsconditionalzone-
averagedmoments, is basedon the conventionalReynolds-averaged
moments. It is a more economical model compared with Byggstoyl
and Kollmann’s because it halves the number of partial differential
equations that need to be solved. The k-"-° model was originally
proposedfor external� ow, and so far no predictionshavebeenmade
by this model for internal � ows. Additionally,as this k-"-° model is
based on the standard k-" model, wall functions are required when
modeling wall-bounded � ows. The requirement of the wall func-
tions limits this model’s applicability in complex turbulent � ows.
In this Note we have proposed a new turbulent intermittencymodel
that eliminates the need for wall functions by modifying Cho and
Chung’s k-"-° model, and for the � rst time we have assessed the
capability of this kind of k-"-° model for predicting internal � ows.

We chose the developing turbulent pipe � ow as our test case be-
causethe inlet regionof a smoothpipe is a highlyintermittentregion.
Furthermore, the understandingof the intermittencycharacterin the
developing pipe � ow is important for modeling more complicated
internal � ows such as problems involving strong curvature.

Turbulence Model
With the intermittency factor taken into account, the governing

equations of our modi� ed k-"-° model for the two-dimensional in-
compressible� ow in a cylindrical coordinatesystem are as follows.

Turbulent kinetic energy:
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where y is the distance to the wall (y D R ¡ r ) and } represents the
production of k due to the shear and normal strains:
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Dissipation rate:
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where

0 D .k2:5="2/.rjU j/ ¢ .r° / (4)

f2 D 1 ¡ 0:4
1:8
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The vortex stretching invariant term Â , used in the " equation of
Cho and Chung,3 is dropped in Eq. (3) because Â vanishes in two-
dimensional � ow.

Intermittency factor:
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and eddy viscosity:
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where

f¹ D 1 ¡ exp ¡C3 yC (9)

The variable yC is the distance from the wall nondimensionalized
by the friction velocity u¤ and kinematic viscosity º of the � uid.
The model constants are

C¹ D 0:09; C¹g D 0:10; m D 3:0; Cuv D 0:33

¾k D 1:0; ¾" D 1:3; ¾° D 1:0; C"1 D 1:35

C"2 D 1:8; C"4 D 0:1; C° 1 D 1:6; C° 2 D 0:15

C° 3 D 0:16; C4 D 0:5; C3 D 0:0115

Numerical Procedure
The equations were discretized using Raithby and Torrance’s4

Approximate Exponential Differencing Scheme and solved by the
well-established � nite volume method. The SIMPLEC algorithm
and staggered grids were used for the test case. The predictions
are made for both Re D 7:5 £ 104 and 3:0 £ 105 . However, the grid
independence is checked for Re D 7:5 £ 104 only using numerical
experiments, i.e., repeating the calculation on a re� ned grids. The
two grid systems are 120 £ 99 and 240 £ 198, respectively. In the
radial direction each grid spacing was decreasedby a � xed percent-
age from the pipe center to the wall (k D 0:96 for coarse grids and
k D 0:98 for � ne grids), whereas in the axial direction equal grid
spacing was used. The root mean square of the difference between
the � ne and coarse grid solutionswas calculatedat nine downstream
locations(5:4 · x=D · 80:0), and thedifferencewas averagedalong
the radius. The nine values are between 0.005 and 0.011 for nondi-
mensional velocity (U=UbI Ub is the bulk velocity), between 0.11
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and 0.14 for nondimensional turbulent kinetic energy (k=u2
¤), and

between0.00 and0.02 (for x=D ¸ 30:3, all of the valuesare0.00) for
intermittency factor ° , respectively.Most of these values are much
smaller than 3.0% of the maximum value of the correspondingvari-
able that proves the solutionsare grid independent.Each discretized
governingequation was solved iteratively by the line Gauss–Seidel
method until solution converged. Convergence was declared if the
average of the absolute mass residuals throughout the computation
domain was less than 10¡13 .

A uniform pro� le was assumed for all quantities at the pipe
inlet: U D Ub , V D 0:0, k D 0:005U 2

b , " D C 3=4
¹ k3=2=0:03R, and

° D 0:001. The pipe section was chosen to be suf� ciently long so
that fully developed conditions could be assumed to prevail at the
outlet, i.e., @Á=@x D 0, where Á can be any of U; V ; k; ", or ° . At
the pipe axis symmetrical conditions were assumed for all quan-
tities. At the wall no-slip and impermeability conditions were im-
posed forU; V ; k, and ", and the value of intermittencywas set to be
unity.The calculationswere startedwith the followinginitial values:
U D Ub , V D 0, k D 0:005U 2

b , " D C3=4
¹ k3=2=0:03R, and ° D 0:001,

i.e., the same uniform pro� les that were assumed for inlet boundary
conditions.

Computational Results and Discussion
Becauseof space restrictions,only predictionsfor Re D 3:0 £ 105

are presented.For such a high-Reynolds-number� ow, we found that
the � ne grids (240 £ 198) were required. The developments of the
axial velocities in the downstream direction at � ve axial locations
are shown in Fig. 1. The simulation results are compared with the
predictionsobtainedusing Chien’s k-" model5 and the experimental
data of Barbin and Jones6 and Richman and Azad.7 The reason we
chose the predictions of Chien’s k-" model to compare to our pre-
dictions is that our model reduces to Chien’s k-" model in the fully
turbulent zone (where ° D 1:0). The results show that in the fully
turbulent zone the predictions obtained by the two models are al-
most identical,which validatesour code. In the core region the over-
shootratioobtainedfrom thek-"-° model is lower than thatobtained
from Chien’s k-" model so that it reproduced the data of Richman
and Azad well. Clearly the k-"-° model predicts the mean veloc-
ity � eld as well as, if not better than, Chien’s k-" model. Overall
the computed mean velocity distributionsare in agreement with the
experimental data. This result con� rms the capability of the k-"-°
model for predicting the internal � ows.

The pro� les of uv at x=d D 10, 30, 50, and 70 are presented to-
gether with the experimental data of Richman and Azad in Fig. 2.
In the inlet region (x=D D 10) the prediction is in better agree-
ment with the experimental data than that of Chien’s k-" model. At
x=d D 30 the predicted values obtained by both models are greater
than those in the fully developed region, which con� rms earlier ob-
servations reported in the literature.8 In the fully developed region,
as expected, the values obtained from the two models are identical.

Finally, the ° distribution vs r=R is plotted in Fig. 3. Although
no experimental data are available in the inlet region of a pipe, the
variation of ° from unity at the wall to zero at the pipe center seems

Fig. 1 Variation of axial velocity with distance downstream of pipe
inlet for r/R = 0 0 0 5 0 75 0 94, and 0.99 for Re = 3 0 ££ 105 .

Fig. 2 Reynolds shear stress vs r/R at x/d = 10, 30, 50, and 70 for Re =
3 0 ££ 105 .

Fig. 3 Intermittency factor vs r/R at 12 different downstream positions
for Re = 3 0 ££ 105.

to be physically realistic. In the outlet region the ° values are close
to unity at the pipe centerline,which shows that the � ow has nearly
reached a fully developed state at the outlet.

Conclusions
By modifyingCho and Chung’s k-"-° model, a new intermittency

model that eliminates the need for wall functions has been devel-
oped. This modi� ed k-"-° model is capable of predicting internal
� ows. Furthermore, it provides better predictions for the Reynolds
shear stress in the inlet region compared with predictions obtained
by Chien’s k-" model.
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Introduction

T HE possibility of amplifying sound waves incident on a shear
layer is indicated in Ref. 1. This numerical–analytical work

shows that, at certain angles of incidence, for the sound wave on an
in� nite linearly stabilized shear layer with a relative Mach number
M > 2

p
2, the amplitudeof the re� ected waves is much greater than

the incident wave amplitude. It is noted in Ref. 2 that in the case
of sound excitation of a supersonic jet shear layer (at M < 2

p
2)

the intensity of sound waves radiated by such a jet at the external
excitation frequency can also exceed the intensity of the incident
sound wave. Despite an apparent similarity of these phenomena,
the essential distinction is that in the � rst case a re� ected wave is
considered. Its re� ection angle depends on the sound incidence an-
gle to the shear layer. In the second case, the sound radiation by a
supersonicjet at the external excitation frequencyoccurs in a direc-
tion independent of the sound incidence angle. This relates to the
radiation of Mach waves by disturbances arising in the shear layer
under the action of sound and moving with a supersonic convective
velocityalong the jet boundary.3 In this work it is also shown that the
amplitude of disturbancesarising in the supersonic jet at the nozzle
exit depends on the sound incidence angle to the jet boundary. The
most intensive disturbances arise in the jet for oblique sound inci-
dence to the jet boundary. It is possible to expect that the intensity
of sound waves radiated by the supersonic jet at the external exci-
tation frequency also depends on the sound incidence angle to the
jet boundary. In the present work the possibility of sound ampli� -
cation of a sawtooth-like sound wave incident on the supersonic jet
boundary is considered.

Results and Discussion
The investigationswere carriedout in an anechoicchamberof the

Acoustic Division of the Central Aerohydrodynamic Institute with
an isothermal supersonic air jet issuing from a conical supersonic
nozzle designed for M D 2:0 with an exit diameter d D 20 mm. The
total pressure P0 in the settling chamber of the nozzle varied from
3.9 to 15.6 atm. A Hartman generator (HG) was used as the sound
source ( f D 10 kHz; Fig. 1). Its central core moved along an arc
of 100-mm radius, with its center on the nozzle lip nearest to the
sound generator.The angle ¯ between the jet � ow direction and the
direction to the sound source varied from 90 to 140 deg.

Acoustic measurements (rms value of the sound pressure) were
carriedoutwith a Bruel and Kjaer microphone,Model4136,moving
along an arc of 40-mm radius with its center on the nearest nozzle
lip, as shown in Fig. 1. The angle between the jet � ow direction and
the direction on the microphone varied from 20 to 35 deg. Analysis
of the data obtainedwas made with a Bruel and Kjaer spectrometer,
Model 2034, where the accuracyof the data obtained is §1 dB. The
location of the measurementpoint was chosen to approach the radi-
ation source in the jet as closely as possible and, on the other hand,
to keep the microphone out of the hydrodynamic near � eld of the
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Fig. 1 Scheme of the experiments.

supersonic jet. To remove the in� uence of high pressure � uctuation
levels generated in the near � eld of supersonic jets, all of the mea-
surementswere performed at the fundamental frequencyof the HG.
In the experiments, the sound pressure level (SPL) on the nozzle
lip at the fundamental frequency was 146–148 dB. The SPL pro-
duced by the undisturbed jet and the HG at the measurement points
at the fundamental generator frequencyvaried from 125 to 135 dB,
accordingto the jet issuing regime and the measurementpoint posi-
tion. Visualization of � ow and sound waves was carried out with a
direct shadowgraphtechniqueusing a spark source. (The size of the
luminous body was 0.8 mm, and the exposure time was 2 £ 10¡7 s.)

A typical shadowgraph, indicating the main features of the phe-
nomenonunderconsideration,is presentedin Fig. 2, whichshowsan
incident sawtooth-like sound wave, disturbances in the jet formed
under acoustic excitation, and Mach waves. (The incident sound
wave propagationdirection and the Mach waves radiation direction
are indicated by arrows.)

The directionality of the radiated sound on an arc of 40-mm ra-
dius (¯ D 130 deg) shows that, under the action of sawtooth-like
sound waves of suf� ciently high intensity, the sound ampli� cation
does occur (Fig. 3). The intensity of sound radiated by the jet at
the fundamental frequency (for HG and jet parameter values under
investigation) can exceed the intensityof sound in the incidentwave
at the nozzle lip by up to 20 dB. At subcritical values of the jet total
pressure, the convectivevelocity of the disturbances is less than the
sound speed,Mach wave radiation is absent, and the sound intensity
at the measurement points corresponds to the SPL in the incident
wave (curve 5 in Fig. 3).

The most signi� cant sound ampli� cation is observed at oblique
sound incidence to the jet boundary at the highest values of the jet
total pressure investigated. If the sound incidence angle to the jet
decreases, the intensity of sound radiated by it, as a rule, decreases.
Thus, the in� uence of the jet total pressureon the intensityof sound
radiated by the jet also decreases, but the tendency remains that
under other constantconditionsthe jet with the higher total pressure
value radiates the sound of higher intensity.

It seems evident that the possibility of sound ampli� cation of a
sawtooth-like sound wave incidence on the supersonicjet boundary
is associatedwith the appearanceand propagationof reasonablyin-
tensive disturbances, along the jet boundary, that are accompanied
by Mach wave radiation. As the tests conducted have shown, the
greater their intensityat the constant sound wave angle of incidence
to the jet, the more the SPL is in the incident wave. Increasing the
Mach wave intensityat slidinganglesof incidenceto the jet, in com-
parison with the case of normal sound incidence at constant values
of SPL on the nozzle lip, is evidently connected with an increase
in the amplitude of the disturbances. As a possible reason for this
increase in the disturbance amplitude, it was suggested that there
was a possibilityof soundwave energy transfer to the vortex motion
when the disturbancesdisplaced the jet boundary.3 However, it was
noted that such treatment was not the only one possible. Another
possibility is that the interactionof a sawtooth-like sound wave of a
� nite amplitude with a supersonic jet occurs in an extremely small
time and space interval. It occurs when the zone of the maximum
soundwave compressionphasepasses throughthe nozzleexit and is
localized close to the nozzle edge. In this case, the sound incidence
angle in� uence can consist of producingcertain favorable ratios be-
tween the velocityof spreading the maximum compressionphase in
the incidentsoundwave over the nozzle edge and the phase speed of
the vortex separation location shift from the nozzle lip. Evidently,


